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Abstract. A new physical and mathematical model of silicon vapor transport under medium vacuum conditions has been developed, which 

makes it possible to explain the anomalously intense mass transfer of silicon during high-temperature silicification of a porous carbon 
material. A formula has been derived showing how the product must be supercooled in order for the condensation process to occur 
in its pores. The resulting modified diffusion equation makes it possible to determine quantitatively the flow of gaseous silicon into 
the sample, which is highly demanded in the implementation of the porous fiber carbidization technology and the subsequent complete 
saturation of the product pores with unreacted silicon. We introduce and quantify a new parameter, showing the contribution of convec-
tive transport to the overall mass transfer of silicon through an external gas medium, the role of which is played by argon. An exact 
analytical solution of the equation for silicon transfer in a one-dimensional formulation has been found for a layer of porous medium 
with a flat surface. The solution has the form of a logarithmic profile and allows us to calculate the flow of gaseous silicon at the entrance 
to the product. The proposed approach is demonstrated on the example of two-dimensional calculations performed by the finite diffe-
rence method, however, the proposed model is easily generalized to the case of three-dimensional calculations with complex geometry, 
which always has to be dealt with in a real technological process. Calculations in a two-dimensional formulation have performed for 
two model systems: when the melt mirror and the product are parallel or perpendicular to each other. The dynamics of silicon vapor 
propagation in the retort has been studied. It is shown that in the conditions under consideration, gaseous silicon, after the onset 
of vaporization, fills the entire space of the retort in a characteristic time of less than 1 s. 
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IntroductionIntroduction
Currently, composite materials (CM) occupy 

a se rious niche in all industries and are used both for 
manufacturing individual products and as coatings 
with special properties. CM unique properties account 
for their active use. In particular, CMs obtained by high 
temperature silicification of a porous carbon frame 
have high antioxidant properties, low density and, 
with the proper technique used, a high degree of tight-
ness [1; 2]. Technologically, high temperature silicifi-
cation is conducted under medium vacuum conditions 
in the inert carrier gas (argon) [3].

The attempts were earlier made to develop a comp-
lete physical and mathematical model for the vapor-
phase silicification method, which included a quan-
titative description of the process of filling pores 
inside the sample and, in addition, solving the adjoint 

problem of silicon vapor transfer from the melt mir-
ror to the product [4–6]. However, the authors of these 
works faced an unbridgeable gap between the calcula-
tion results and experimental data at the stage of numer-
ical simulation of the diffusion transport of sili-
con vapor in the working space of the retort. The phy-
sical and mathematical model underlying the descrip-
tion of the process was based on the assumption that 
the main transfer mechanism is diffusion, and the con-
centration of silicon vapor on the melt mirror at a given 
operating temperature cannot exceed that of the satu-
rated vapor. According to the diffusion equation solu-
tion, even if silicon is fully consumed on the surface 
of the sample, the vapor mass flow proves insufficient 
to completely siliconize the product within a reason-
able time. The authors of [4–6] predicted that for sili-
con vapor to overcome the diffusion barrier in the form 
of an atmosphere of residual gas during silicification, 
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Аннотация. Разработана новая физико-математическая модель транспорта паров кремния в условиях среднего вакуума, позво-

ляющая объяснить аномально интенсивный массоперенос кремния в ходе высокотемпературного силицирования пористого 
углеродного материала. Выведена формула, показывающая, как изделие должно быть переохлаждено, чтобы в его порах 
шел процесс конденсации. Получено модифицированное уравнение диффузии для количественного определения распреде-
ления концентрации газообразного кремния в реторте, что крайне востребовано при реализации технологии карбидизации 
углеродного волокна и последующего полного насыщения пор силицируемого изделия непрореагировавшим кремнием. 
Введен и количественно оценен новый параметр, показывающий вклад конвективного транспорта в общий массоперенос 
кремния через среду стороннего газа, роль которого играет аргон. Найдено точное аналитическое решение этого урав-
нения в одномерной постановке для слоя пористой среды с плоской поверхностью. Решение имеет вид логарифмического 
профиля и позволяет вычислить поток газообразного кремния на входе в изделие. Иллюстрация работоспособности пред-
лагаемого подхода, более приближенная к действительности, производится путем двумерных расчетов, выполненных 
методом конечных разностей. В то же время предлагаемая модель легко обобщается на случай трехмерных вычислений 
со сложной геометрией, с чем всегда приходится иметь дело в реальном технологическом процессе. Расчеты в двумерной 
постановке выполнены для двух модельных систем, когда зеркало расплава и изделие параллельны или перпендикулярны 
друг другу. Исследована динамика распространения паров кремния в реторте. Показано, что в рассматриваемых условиях 
газообразный кремний после начала парообразования заполняет все пространство реторты за характерное время менее 1 с.  

Ключевые слова: функциональные покрытия, высокотемпературное силицирование, численное моделирование.
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the crucibles with the melt should be put as close 
to the product as possible, while in reality this factor 
is not decisive, and often some areas of a largesized 
product remain “dry”, despite the fact that the crucibles 
with molten silicon are located as close to the sample 
surface as possible.

Moreover, the experience shows that porous car-
bon matrices can be saturated with silicon, and various 
variants of this technique have long been commercially 
implemented in many manufacturing procedures. Thus, 
it is still very important to quantitatively determine 
the mass flow of silicon vapor through the blank sur-
face for monitoring the manufacturing procedure when 
functional coatings are formed or the process of deep 
impregnation of a porous material is controlled. 

All currently known modern techniques for pro-
ducing high temperature CMs are continuously 
improved [7–9] and, due to their increasing complexity, 
require more advanced approaches at different imple-
mentation stages, including the construction of new 
physical and mathematical models to describe the pro-
cesses occurring. Applied to real production conditions, 
the process of gaseous silicon transfer from the melt 
mirror to the product surface during high tempera-
ture silicification of a carbon porous material must be 
described by an elaborate system of partial differential 
equations, and its adequate simulation requires track-
ing of many complicating factors, including convec-
tive mass transfer [10]. At the same time, the technique 
is essentially three-dimensional and requires a highly 
detailed computational grid due to numerous crucibles 
with melt in the retort and their complex arrangement 
in the working space of the furnace [7]. At the moment, 
the fullfledged 3D numerical simulation of this pro-
cess is impossible. As a result, the available models 
for describing the gaseous silicon transfer in the hearth 
of an industrial furnace during high temperature 
silicification are limited to elemental approaches. As 
this process is conducted in the medium vacuum and 
at extremely high temperatures above the silicon melt-
ing point (T > 1683 K), diffusion was believed to play 
a decisive role in ensuring the transfer of gaseous sili-
con from the melt to the product, and it was the only 
value taken into account in physical analysis-mathe-
matical models [4–6].

The use of real values of the diffusion coefficient 
in the transfer equation does not ensure silicon supp ly 
in the amount required for full-fledged silicifica-
tion of the product that can be experimentally observed. 
We face a paradoxical situation, since the facts speak 
for themselves: the experiments show that under cer-
tain conditions, a product can still be saturated with 
the required amount of silicon, but the existing theory 
denies this possibility. This means that we do not fully 

understand all physical conditions required for the suc-
cessful implementation of the silicification process.

Thus, the objective of this work is to explain 
the experimentally observed abnormally strong transfer 
of gaseous silicon from the melt mirror to the product 
surface. The goal of the theoretical study is to construct 
a more advanced physical and mathematical model 
of the silicon vapor transfer in the working space 
of the retort. This model should be tested on the examp le 
of specific formulations to prove that it is more plau-
sible compared to its purely diffusion analogue.

Analysis of basic equationsAnalysis of basic equations
The equation of classical diffusion in a three-dimen-

sional formulation [11], which is conventionally used 
to calculate the distribution of silicon vapor in a retort, 
looks as follows

where D is the diffusion coefficient (assumed to be 
a constant) and C is the mass concentration. This is 
a wellknown second-order partial parabolic differential 
equation. In the stationary case (∂/∂t = 0), the problem 
is simplified and reduced to Laplace’s equation ΔC = 0.

To begin with, without getting into specifics 
of the manufacturing method, it makes sense, follow-
ing the study [10], to consider the process as a simple 
model, when the product surfaces and the melt are 
two parallel planes located at a distance L from each 
other (Fig. 1). Hereinafter we will neglect the effect 
of gravity. Suppose the concentration of saturated 
silicon vapor C(L) = Cs is specified on the melt mir-
ror, while on the left boundary, as gaseous silicon is 
completely absorbed by the porous medium, the condi-
tion C(0) = 0 is maintained.

In a one-dimensional formulation, Laplace’s equa-
tion with these boundary conditions leads to the only 
nontrivial solution in the form of a linear dependence

which is schematically shown in Fig. 1. The characte-
ristic distance L between the melt mirror and the pro-
duct is about 0.5÷1.5 m. 

According to the experimental data, the saturated 
vapor pressure for silicon at temperatures not much 
higher than the silicon melting point is very low and 
is equal in order of magnitude to ps = 10 Pa [12; 13]. 
The volumetric concentration for gaseous silicon in 
the saturated state is calculated based on the saturated 
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vapor pressure using the gas equation. At an opera ting 
temperature is 1800 K, it gives a value of the order 
of ns ~ 4·1020 m–3. Let us compare the theoretically 
predicted silicon flux density with the experimentally 
observed value. The silicon transfer is determined by 
diffusion only, however, in this case the silicon flux 
density is determined by Fick’s equation:

   (1)

where ρ is gas density and C is mass concentration. 
We will assess the diffusion coefficient of silicon atoms 
for medium vacuum conditions in an argon atmosphere 
using the wellknown formula of the molecular kinetic 
theory [14]:

      (2)

Where σ12 is a crosssection for scattering for two par-
ticles, μ12 is a reduced mass, and k is the Boltzmann 
constant. For two particles with approximately equal 
mass and size, we have σ12 = πd 

2, μ12 = m0 /2. The mass 
of one silicon atom is equal to m0 = 4.7·10–26 kg. From 
the tabulated data we take the diameter of a silicon atom 
dSi = 2.3·10–10 m. We thus obtain D = 0.7 m2/s. Such 
an unusually large value of the diffusion coefficient 
is attributed to two factors: the environment under 
the medium vacuum conditions is extremely rarified 
and the temperature is high.

Taking into account that the density of silicon on 
the melt mirror is ρSi = pSi μSi /(RT) = 1.87·10–5 kg/m3, 
the formula (1) predicts a very low silicon flux density: 
jSi = 2.62·10–5 kg/(m2·s). The industrial engineers spe-
cializing in silicification of carbon products claim that 
this is clearly not enough to completely block the pores 
within reasonable time, given the material porosity. 
However, in practice, if certain conditions experimen-
tally determined by industrial engineers are met, prod-
ucts of various shapes are still successfully saturated 

with silicon. Thus, we can confidently state that all 
failures during the manufacturing procedure are deter-
mined by completely different factors, namely the tem-
perature distribution throughout the product [15]. It 
is obvious that silicon vapor can transit from a gase-
ous state to a liquid or solid state only if the product 
temperature is lower than that of vapor [16–18]. After 
equalizing the temperature, in theory the process 
of silicification should stop due to condensation in 
the porous material. In this case, the surrounding gas 
and the product come into thermodynamic equilib-
rium. For a general understanding, let us calculate 
how much the product should be supercooled so that 
silicon is condensed on it. The boundary between two 
phases (vapor and liquid) is determined by the socalled 
Clapeyron–Clausius equation [19], which, as is known, 
is derived from the condition of continuity of the ther-
modynamic potential:

     (3)

Where q is specific heat of the phase transition; P is gas 
pressure; T is temperature; v1 , v2 is specific volumes 
of vapor and liquid, respectively, m3/kg. It should be 
noted that for vapor and liquid the expression v1  v2 is 
valid; so, the equation (3) can be simplified to

              (4)

In the approximation under consideration, the index 
corresponding to the vapor specific volume is not required 
and it is omitted in further calculations. The phase tran-
sition curve is shown schematically in Fig. 2. 

We will assume that the actual conditions for 
silicon vapors during silicification are not far from 
the saturation state and correspond to temperature T1 . 
The transition to a supersaturated state at the same 
pressure obviously requires lower product tempera-
ture. Suppose the assumed saturated vapor pressure at 
temperature T1 is equal to P1 . Since in reality the vapor 
is not saturated, its real pressure is φP1, where φ is 
relative vapor humidity. In practice, with decreasing 
temperature, the vapor pressure automatically drops 
to the value P2 .

The gas volume and mass remain the same, so we 
get an isochoric process described by the equation

In Fig. 2, the isochoric process is indicated 
by arrows, and the final state is characterized by 
the thres hold pressure and temperature corresponding 

Fig. 1. Geometry of the problem
1 – product, 2 – surface of the melt

Cs – concentration of saturation 

Рис. 1. Геометрия задачи
1 – изделие, 2 – поверхность расплава

Cs – концентрация насыщения
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to the condensation point. Hence, we get the pressure 
in the final state: P2 = φP1 T2 /T1 .

On the other hand, at each point on the phase dia-
gram, the gas state is described by the Mendeleev–
Clapeyron equation, from which the specific volume 
can be derived from the vapor pressure and temperature:

          (5)

where V is overall volume, μ molar mass, R is uni-
versal gas constant, and v is volume per unit mass. 
For the sake of clarity, we replace the derivative in 
the Clapeyron–Clausius equation (4) with finite differ-
ences, at the same time eliminating the specific volume 
using the equation (5):

         (6)

It should be noted that, from a mathematical point 
of view, the derivative in the equation (6) represents 
the socalled onesided difference in point 1. Next, we 
substitute the expression for pressure P2 during the iso-
process in the equation (6) and derive the required 
temperature difference. The initial pressure P1 reduces 
in the resultant expression, and, at first glance, it 
seems strange that nothing depends on it. However, 
unambiguous complete information about the initial 
state of silicon vapor is still contained in this equa-
tion, since in addition to temperature it includes vapor 
relative humidity. Simple arithmetic operations enable 
to express the final temperature difference:

    (7)

The formula (7) shows that the temperature diffe-
rence is negative, therefore, the product temperature 
should be lowered compared to the gas tempera-
ture. As an example, let us estimate the temperature 

difference for realistic parameter values: φ = 0.8, 
q = 13.8·106 J/kg, μ = 28·10–3 kg/mol, T1 = 1790 K. 
The selected temperature T1 exceeds the silicon melt-
ing point by 102 K. It stays within the operating tem-
perature range of the retort. The resulting equation is 
T2 – T1 = –15 K.

In other words, according to the calculations, 
the required temperature difference is small, but, 
the analysis of the thermophysical situation under indus-
trial conditions reveals that this temperature factor is not 
controlled at all and this requirement is unlikely to be 
met in the fullscale manufacturing process. The esti-
mates show that higher temperatures in the upper area 
of the working space inside the retort have an especially 
negative impact. This explains why, when largesized 
products are siliconized, their upper part is often less 
saturated with silicon than the lower part. The reason is 
that at the base of the product the temperature is much 
lower most of the time than in the upper area. All physi-
cal factors affecting uniform temperature distribution up 
and down the retort cont ribute to enhancing this strati-
fication. The convection, the vacuum pumps located 
near the bottom, low thermal insulation at the base 
of the working space, side heaters positioned quite high 
from the base – all these factors result in a specific ther-
mal stratification with a temperature gradient mostly 
directed upward vertically. Therefore, the temperature 
difference required by the formula (7) between sili-
con vapor and the product, can only occur near the lower 
boundary of the working space, if at all. 

However, let us return to the truly pressing issue 
of supplying silicon vapor to the product, since it is 
clear that it must be solved regardless of the prob-
lem related to heat distribution in the retort during 
silicification.

New physical and mathematical model New physical and mathematical model 
of silicon vapor transferof silicon vapor transfer

We will assume that under the conditions under con-
sideration, there is an additional convective transport 
mechanism, along with the diffusive one. A more gene-
ral equation for the transport of an impurity as a con-
tinuous medium, taking this factor into account [11], is 
written as follows 

    (8)

where  is macroscopic (mass) speed of a physically 
small element of gas. 

The main problem related to the use of the equa-
tion (8) is its closure. Within the framework of con-
tinuum mechanics, fluid dynamics are generally deter-

Fig. 2. P–T diagram of phase states 

Рис. 2. Фазовые состояния на диаграмме P–T
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mined by the Navier–Stokes equation [11]. In the case 
of three-dimensional calculations, these are three non-
linear partial differential equations for three velocity 
components vi (x, y, z, t), where i = 1, 3. These equations 
include two more unknown quantities – pressure and 
variable density, which also has to be determined dur-
ing the problem solution. As a result, two more equa-
tions are added to the system: conservation of mass 
in differential form and the equation of state. Thus, 
the resulting system of equations becomes extremely 
lengthy and difficult to solve. 

Currently, direct numerical simulation of the pro-
cesses under consideration in a full three-dimensional 
formulation is very difficult, even when high-perfor-
mance supercomputers are used. The challenge is 
to formulate the problem in a simplified way so that 
two conditions are simultaneously met – on the one 
hand, all the physical factors relevant for an ade-
quate description of these processes should be taken 
into account, and on the other hand, models should not 
be unnecessarily complex so that the problem could 
be calculated within a reasonable time and would not 
require excessive computing power. 

Following the approach implemented in [10], we 
will consider the Navier–Stokes equation in its full 
formulation and evaluate the contribution of each 
term, assuming that gaseous silicon moves through 
the argon parent fluid as through a porous medium. 
In the hydrodynamics of porous media [20], it is 
important to distinguish between pore velocity  and 
filtration velocity . The filtration rate is determined 
through the total fluid flow rate and is connected with 
the pore velocity by the relation  Where ϕ is 
porosity of the material. For determining pore velocity 
in the medium, we use the initial motion equation [20]:

Where ρf is density of the fluid moving through 
a porous medium, η is dynamic viscosity, κ is per-
meability and p pressure field. This equation assumes 
linear dependence of friction on the filtration rate. For 
simplicity, gravity is not taken into account. Coming 
over to the filtration rate, we get 

    (9)

Now we can evaluate the terms related to speed 
on the left and right sides of this equation. The least 
trivial parameter in this equation is permeability κ. 
In our case, this is the permeability of argon gas 
with respect to the flow of silicon atoms. Regarding 
the mobile atoms of the carrier medium (argon), we can 

only talk about the model nature of this gas as a porous 
material with some effective permeability. We will 
keep in mind the model according to which gaseous 
silicon, as a kind of fluid, is filtered through a carrier 
medium as excessive amounts of silicon vapor emerge 
on the melt mirror and are absorbed at the opposite 
boundary. Due to the extreme rarefaction of the carrier 
medium, permeability κ is expected to be abnormally 
high. At the same time, the porosity is close to unity, 
since argon atoms, as scattering centers, occupy an 
extremely small volume.

Suppose the medium is a system of small solid 
spherical centers washed by a hydrodynamic flow. 
The interatomic distance in argon is equal in order 
of magnitude to the freepath length of 

The argon atom diameter is d = 1.4·10–10 m. According 
to the manufacturing procedure, argon partial pressure 
is on the order of 100 Pa. The resulting equation for 
permeability is κ ~ l 

2 = 3.1·10–5 m2. 
However, this assessment gives a slightly underes-

timated permeability value, since it is valid in the case 
of dense packing of obstacles. For a more accurate 
estimate, we will use the wellknown Kozeny–Karman 
formula [20]. This formula is widely used in the theory 
of porous media and is derived from the most general 
geometric considerations. As a result, we get

Where ϕ is porosity of the carrier medium (argon) 
and d is characteristic size of the streamlined obstacle 
(in our case, these are argon atoms).

Another important parameter is the macroscopic 
velocity of the gas element (filtration rate). We will 
assume that during evaporation, silicon atoms separate 
from the melt surface with a rootmean-square velocity, 
which amounts to ~1250 m/s at T = 1800 K. Averaging 
over all possible directions, we obtain the value 
of the velocity projection onto the normal (filt-
ration speed) v ~ 310 m/s. Now let us assess the value 
of each term in the equation (9), taking into account 
that the porosity of such a medium is close to unity and 
that stationary motion is considered (∂/∂t = 0):
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These estimates show that the viscosity term is 
dominant in this equation. Namely: both the inertia 
term and the term that expresses nonstationarity of pro-
cesses are negligible compared to the viscosity term:

Therefore, we derive the formula for speed in 
the form of the wellknown Darcy’s law [20] from 
the equation (9):

           (10)

Due to evaporation on the melt mirror and absorp-
tion on the product, we get an average silicon vapor 
density gradient. The gas pressure is generally propor-
tional to density, which generates a silicon pressure 
gradient and it can act as an additional driving force 
along with diffusion. According to the gas equation, 
the silicon partial pressure is equal to pSi = nSikT, where 
nSi = NSi /V is the number of silicon atoms per unit 
volu me. Let us express nSi in terms of the mass concent-
ration C. By definition, by mass concentration we mean

then the silicon density is expressed in terms of relati  ve 
mass concentration as follows:

           (11)

Let us write the equation for the silicon partial 
pressure in terms of the silicon density and substitute 
the formula (11) in it:

      (12)

Next, let us substitute this result into the Darcy’s 
law (10), neglecting the spatial inhomogeneities 
of argon density and temperature in the retort. Let us 
also take into account the fact that the silicon concent-
ration never actually reaches unity. Argon or residual 
air is always present in the retort, and their concentra-
tion is approximately an order of magnitude higher than 
that of silicon vapor. Eventually, we expand the factor 
C/(1 – C) into a series in small C and limit our final 
formula to the first non-vanishing term. The Darcy’s 
law (10) takes the form 

           (13)

However, the equation (8) includes the average 
mass velocity 

We substitute (13) into this formula, exclude 
the velocity from the extended impurity transfer equa-
tion (8) and end up with the equation

           (14)

Now this is a more complex partial differential 
equation with a nonlinearity like the square of the con-
centration gradient, but for one variable C(x, y, z, t). It 
should be noted that similar diffusion equations with 
nonlinearities, quadratic function of the concentra-
tion gradient, are found in various fields of physics, 
but are derived differently. Thus, the studies [21; 22] 
showed that a nonlinear term of this type changes 
the material (lithium niobate) transport diffusion pro-
perties quite significantly and enables to explain some 
of the observed effects associated with the medium 
under consideration being saturated with hydrogen. 
In the general case, the equation (14) enables to solve 
non-stationary problems of concentration distribu-
tion in a three-dimensional formulation.

Analytical solutionAnalytical solution
First of all, it makes sense to analyze the equa-

tion (14) for the stationary solution. Given that ∂/∂t = 0, 
the equation (14) is reduced to the form

           (15)

where ψ is a new dimensionless parameter. Let us 
estimate the value of the introduced parameter, which 
loosely determines the relationship between diffusive 
and convective mechanisms. Let us take the value 
of dynamic viscosity from [10]. In the work men-
tioned above, this parameter was assessed in rela-
tion to the silicification process under consideration, 
based on the wellknown formulas of molecular kinetic 
theory [14]: 

Assessment of the parameter ψ for the permeability 
value κ = 5·10–4 m2 results in ψ = 0.048. This means 
that, under the conditions under consideration, convec-
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tive transport significantly contributes to silicon vapor 
transport.

In the one-dimensional formulation with regard 
to the geometry of the problem presented in Fig. 1, 
the equation (15) has an exact solution. Namely, let us 
formulate the boundary value problem for the unknown 
function C(x) in the form of an ordinary second-order 
differential equation and two boundary conditions:

By substituting a variable, the order of the equa-
tion is reduced, and then the elementary equation is 
integrated [23]. As a result, taking into account 
the abovementioned homogeneous boundary condi-
tions, we obtain the logarithmic dependence

      (16)

For completeness, we can calculate the derivative 
of this solution on the left boundary. With this deriva-
tive value, the silicon vapor flux density is an order 
of magnitude higher than in the case of purely diffu-
sive transfer: jSi = 3.0·10–4 kg/(m2·s). Let us present 
as an example a dependency graph C(x) for L = 1.6 m. 
Now the solution is a convex function. Fig. 3 (curve 4) 
shows that the largest derivative is right on the left 
boundary of the range of definition, i.e. on the product 
surface. The flux density is proportional to the magni-
tude of the derivative. Thus, to explain the high rate 
of high temperature saturation of carbon material 
in the medium vacuum observed in experiments, we 
should take into account the independent convective 
transport of silicon vapor in addition to diffusive trans-
port. Moreover, silicon vapor now fills almost the entire 
working space of the retort. It is only in a thin boun-
dary layer near the product itself that the concentra-
tion of silicon vapor tends to zero due to the assumed 
complete absorption. It is well consistent with the data 
of the fullscale experiment in the sense that silicon con-
densation can be intensive within the retort in places 
much removed from the crucibles. 

One-dimensional  One-dimensional  
non-stationary solutionnon-stationary solution

Let us now make calculations to solve a non-sta-
tionary problem. The one-dimensional solution will be 
our primary interest. 

The equation (14) is nonlinear, so the easiest way 
to obtain its non-stationary solution is numerical, 
using the finite difference method [24]. Sampling 

schemes of first-order accuracy were used to approxi-
mate derivatives in both time and space. First order 
accuracy for spatial derivatives with “backward dif-
ferences” was used to ensure the stability of the dif-
ference scheme. The program code was implemented 
in the FORTRAN-90 language. The number of nodes 
along the spatial coordinate was taken to be N = 85.

The dynamics of the concentration front presented 
for different sampling times in Fig. 3 shows that 
the solution quite quickly reaches a steady stationary 
profile in the form of the previously described convex 
function (the graphs were obtained for L = 1.6 m). 
The calculation results show that it takes ~2 s to reach 
the stationary profile. At first, silicon vapor is only 
observed at the melt mirror (curve 1 in Fig. 3). Then, 
very quickly, silicon fills the entire space inside 
the retort (Fig. 3, curve 2, 3). At the moment of defin-
ing (Fig. 3, curve 4), the largest derivative is on the left 
boundary of the range of definition, i.e. on the pro duct 
surface. The numerical solution of the generalized 
equation of silicon vapor diffusion during silicifica-
tion of a porous carbon material obtained in the course 
of this study shows that gaseous silicon quickly occu-
pies almost the entire volume of the furnace working 

Fig. 3. Evolution of concentration profile  
for different moments of time

t, s: 1 – 0.04; 2 – 0.4; 3 – 2.0
4 – tabulation of the formula (16) as the result  

of the solution of stationary non-linear equation 
5 – stationary solution of classical diffusion equation 

Рис. 3. Эволюция профиля концентрации  
в разные моменты времени

t, с: 1 – 0,04; 2 – 0,4; 3 – 2,0
4 – результат табуляции формулы (16) решения стационарного 

нелинейного уравнения переноса
5 – стационарное решение классического уравнения диффузии
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space. In other words, contrary to longheld belief based 
on the findings of previous theoretical works [4–6], 
there is no need to bring crucibles with molten sili-
con as close to the product surface as possible.

Calculations  Calculations  
in two-dimensional formulationin two-dimensional formulation

The next most difficult stage is to conduct numeri-
cal simulation in a two-dimensional formulation. These 
calculations were also performed using the finite dif-
ference method. The classic explicit scheme was 
implemented [24]. During the calculations, a spa-
tially uniform rectangular grid was used with a break-
down of 85:41 (85 nodes on the x coordinate between 
the melt mirror and the sample, 41 nodes on the y 
coordinate along the product surface). The larger num-
ber of nodes along the x axis is twice as large because 
the boundary layer has to be resolved near the product 
at the final stage of defining. The height of the sample is 
H = 0.4 m, the distance from the melt to the product is 
L = 0.6 m. The condition of impermeability was set for 
the upper and lower faces. As for the one-dimensional 
formulation, sampling schemes of first-order accuracy 
were used to approximate the time and space deriva-
tives. To ensure the stability of the difference scheme, 
the derivatives with respect to the “flux” had first order 
accuracy and were calculated as “backward diffe-
rences”. Now the silicon vapor transfer is described by 
the following non-stationary equation:

  (17)

This equation includes two dimensional modi fiers. 
Implicitly one of them is the convective transport 
para  meter:

          (18)

the second is the diffusion coefficient D; their dimen-
sions are the same, m2/s. The first parameter describes 
the convective transport mechanism, while the second 
one is purely diffusive. Now (17) is a two-dimen-
sional non-stationary partial differential equation with 
the same nonlinearity like the square of the concent-
ration gradient. Calculations were performed for 
L = 0.6 m (array length), H = 0.4 m (sample height), 
Dc = 57.1 m2/s (convective parameter), D = 0.7 m2/s 
(diffusion coefficient). Initially, there are no sili-
con vapors in the space inside the retort. The constant 
concentration value corresponding to saturation is set 
on the right boundary and the condition of complete 
absorption is defined on the left boundary.

Results and discussionResults and discussion
The dynamics of the concentration front presented 

for different sampling times in Fig. 4 and 5 shows that 
the solution quite quickly reaches a steady stationary 
profile in the form of a convex surface, as in the one-
dimensional case. At the initial stage lasting for mil-
liseconds, silicon vapors are present on the right near 
the melt mirror only (Fig. 4). Further, the retort space 
fills with vapor and the concentration profile steepens. 
It should be noted that the concentration front remains 
flat all the time as it moves towards the product surface.

The calculations show that it takes ~0.5 s to reach 
the stationary profile. The largest derivative at the final 
stage of defining (Fig. 5) is still on the left boundary 
of the range of definition, i.e. on the product surface. 
It should be kept in mind that the flux density is pro-
portional to the derivative value in this point. Thus, 
taking into account the independent convective trans-
port of silicon vapor in addition to diffusive transport, 
we confirm the rather high rate of high temperature 
saturation of carbon material observed in experiments 
in the medium vacuum, which contradicts the value 
of the silicon flux from the classical diffusion equation.

Thus, it should be emphasized once again that 
a large sized product can not be sufficiently saturated 

Fig. 4. Isolines of silicon vapour concentration  
at initial stage for t = 0.004 s 

Рис. 4. Изолинии концентрации паров кремния  
на начальном этапе при t = 0,004 c

Fig. 5. Isolines of silicon vapour concentration  
at steady stage for t = 1.0 s 

Рис. 5. Поле изолиний концентрации кремния  
на момент установления при t = 1,0 с
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with silicon during the experiment only due to improper 
thermophysical mode of the entire process determined 
by the design features of the furnace. 

These negative factors were earlier discussed 
in [15]. It was demonstrated that complete silicifica-
tion of a product within a reasonable time is quite 
possible. In other words, the primary chemical reac-
tion of carbon fiber carbonization and further con-
densation of silicon vapor in the pores of the mate-
rial require a technique with more strict temperature 
control on the product surface rather than rearrange-
ment of crucibles. If the sample surface is parallel 
to the melt mirror, as was assumed in the original 
formulation, the streamlines of silicon macroscopic 
motions are straight trajectories perpendicular to these 
surfaces. In this case, the wavefront of silicon vapor 
is stable, flat at any specific time and moves from 
the melt to the product so that the condition of homo-
geneity along the y coordinate can be used. However, 
in practice, in the gravity field, the surface of the melt 
mirror is always horizontal, since the silicon melt is 
in crucibles. At the same time, the product is placed 
vertically in the retort at some distance from the cru-
cibles (there can be several of those). As a result, it is 
important to understand whether the nature of the sili-
con vapor distribution in the retort will change with 
more complex mutual arrangements of the source 
of silicon vapor and the absorbing surface. 

Let us now analyze a more realistic configuration in 
the form of a rectangular retort shown in Fig. 6, with 
a silicon absorbing left vertical boundary 1 and a hori-
zontal melt mirror 2 located at a distance of 2L/3 from 
the sample. The melt surface itself has a size of L/3. 
The condition of impermeability is set for all other 
areas of the retort.

The calculation was performed on a 121:41 grid. 
The height of the sample was H = 0.4 m, the length 
of the range of definition was L = 1.2 m. At this pro-
portion, the size of the melt mirror is Δ = 0.4 m. 

The results of the numerical simulation of the system 
in this configuration are presented in Fig. 7, 8 for two 
points in time: at the defining stage (at t = 0.005 s) and 
in the final state, close to stationary (t = 0.1 s). It can 
be seen that a stationary distribution is established in 
the system almost as quickly as in the previous con-
figuration (within about 1 s). The calculations also 
show that silicon still occupies almost the entire work-
ing space inside the retort, with the exception of a rela-
tively thin boundary layer near the absorbing surface 
area. Fig. 7, 8 show that silicon vapors propagate 
with almost the same intensity in all directions from 
the melt mirror. Silicon atoms need almost the same 
time to reach the product surface as in the previous 
case, when the surfaces were parallel to each other. 

The calculation results show that the rarefied gas 
(argon), through which silicon vapors from the melt 
mirror penetrate to the sample, is not in itself the main 
restraining factor limiting the silicon mass transfer. In any 
case, different mutual arrangements of the silicon vapor 
source and the absorbing surface do not considerably 
change the time for reaching the stationary state. 

A much more serious modifier in the problem is 
the relationship of the areas of the evaporating and 
absorbing surfaces. Let us now reduce the linear 
size of the surface on which evaporation takes place 

Fig. 7. The field of silicon concentration  
at initial stage t = 0.005 s for second configuration 

Рис. 7. Поле концентрации кремния на начальном этапе  
для второй конфигурации при t = 0,005 c

Fig. 8. The field of silicon concentration  
at stationary stage t = 0.1 s for second configuration 

Рис. 8. Поле концентрации кремния на момент  
установления для второй конфигурации при t = 0,1 c

Fig. 6. Configuration for horizontal  
linear source of silicon vapour 

Рис. 6. Конфигурация с горизонтальным  
линейным источником паров кремния
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to Δ = 0.2 m, leaving unchanged the product height 
H = 0.4 m and the retort length L = 1.2 m. All other 
parameters will remain the same. Isolines and two-
dimensional surfaces of the concentration field for this 
situation are presented in Fig. 9, a, b.

Fig. 9, a shows the initial moment of time, when 
the vapors have not yet spread to the entire volume. 
However, Fig. 9, b demonstrates that with smaller 
sizes of the melt mirror (twice the difference compared 
to the previous case) at t = 0.1 s, the stationary state is 
not reached yet.

Calculations show that the concentration profile 
now requires approximately twice as much time to set 
the stationary mode as in the previous case. The con-
centration field for the melt mirror at t = 1.0 s is shown 
in Fig. 9, c. Further on, the concentration field practi-
cally ceases to change over time. This result is physi-
cally understandable, since filling the space inside 
the retort with silicon vapor requires a certain time, and 
it is directly related to the amount of silicon evapora-
ting per time unit from the source surface. As the melt 

mirror length decreases, this time expectedly increases 
in proportion to it.

ConclusionConclusion
The analytical and numerical solutions of the gene-

ralized equation of silicon vapor diffusion during silicifi-
cation of a porous carbon material obtained in the course 
of this study show that gaseous silicon quickly occu-
pies almost the entire volume of the furnace working 
space. In other words, contrary to longheld belief based 
on the findings of previous theoretical works, there is 
no need to bring crucibles with molten silicon as close 
to the product surface as possible. 

The results obtained from the two-dimensional for-
mulation confirm the similar data received in the one-
dimensional case. They show that the resistance of for-
eign gases to the silicon diffusion flow should certainly 
be present in the real production environment, but 
classical diffusion is not the only transfer mechanism. 
Generalization of the model taking into account addi-
tional convective transfer enables to solve the para-
dox of anomalously intense saturation of porous car-
bon material with silicon vapor in the experiment, in 
contradiction to earlier theoretical predictions. 
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